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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract
The solution of screw dislocation in an isotropic elastic circular plane is obtained using the image method. The 
solution is used to derive integral equations for a cracked circular plane under self-equilibrating anti-plane loadings. 
Based on the small-scale yielding the solution of these equations, are utilized to determine stress components around 
a crack tip. Employing Irwin's model the length of the plastic zone in front of the crack is determined. Also using the 
von Mises yield criterion the stress components are utilized to define the boundary of plastic region around a crack 
tip.
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1. Introduction 
Forming of plastic region at a crack tip even under small applied loads is a remarkable subject. Particularly for 
cracked metallic structures, the size of the plastic region at a crack tip is of greatest importance. Some explanations 
on the significance of this subject can be found in the reference (Hassani et al., 2015) and a few related papers have 
been reviewed there. First, using the distributed dislocation technique, Hassani et al. (2015) determined the stress 
components around a crack tip which was located in an isotropic layer. U der the hypotheses of linear fracture 
mechanics, they used these components to define the boundary of the plastic region employing von Mises yield 
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criterion. The effects of both singular and non-singular terms of the stress field around the crack tips were also 
considered in this analysis. 
Irwin's and Dugdale's models are two different models which are used to estimate plastic zone size ahead of the 
crack. A few investigations on the plastic zone size estimation based on the Irwin's model are found in the literatures 
which are reviewed here.
Based on maximum crack opening displacement (MCOD), Yi et al. (2010) proposed a method to estimate the 
plastic zone size for a central crack tip within a plate. The plate was under tension. The relationship between the 
plastic zone size and MCOD was determined using the finite element simulation. 
A Zener–Stroh (Z–S) is a kind of crack which can be nucleated on the interface of a multi-layered structure when 
a dislocation pileup is stopped by the interface. In fact, the interface works as an obstacle. Elastic–plastic stress 
analysis of a Zener-Stroh crack in fiber-reinforced composites was accomplished by (Fan et al., 2014a, b).             
The problem of interaction of the Zener-Stroh crack with its nearby inclusions in fiber-reinforced composites was 
studied. The effect of inclusions in the composite is considered through simulating the composite material by the 
cylindrical three-phase model. The plastic zone sizes were determined using a generalized Irwin's model for the 
mixed-mode loading problem where the Von Mises stress yielding criterion was employed. Finally, the parameters 
such as effective stress intensity factor, plastic zone size and crack tip opening displacement were evaluated. 
To the best of authors' knowledge, the plastic zone size estimation around the tip of some interacting cracks 
located in circular plane has not been investigated before. 
In the present study, under the assumption of small-scale yielding, stress fields are determined in an isotropic 
elastic circular plane containing multiple cracks subjected to anti-plane deformation. The analysis takes into account 
the interaction between cracks which significantly changes the plastic region. The cracks interaction was not 
considered in previous investigations. By means of von Mises yield criterion, the boundary of the plastic region 
around crack tips is specified. Using the Irwin's model the length of the plastic zone size in front of the crack tip on 
the crack line is also evaluated.
2. Formulation
Let us consider a circular plane with radius R. The circular plane is made of an isotropic material with shear 
modulus 𝜇𝜇𝜇𝜇. In the absence of body forces, the equilibrium equation in terms of shear stress components is given by:
where the origin of the coordinate system (𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) is located at the center of the circular plane. Constitutive relations 
of the isotropic material in anti-plane deformation are given as
𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜇𝜇𝜇𝜇 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟
𝜏𝜏𝜏𝜏𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟 = 𝜇𝜇𝜇𝜇 1𝑟𝑟𝑟𝑟 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜃𝜃𝜃𝜃 (2)
Substituting Eqs. (2) into Eq. (1) yields
𝑟𝑟𝑟𝑟2
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃)
𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟2
+ 𝑟𝑟𝑟𝑟 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃)
𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟
+ 𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃)
𝜕𝜕𝜕𝜕𝜃𝜃𝜃𝜃2
= 0 (3)
where 𝜕𝜕𝜕𝜕(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) is the only nonzero displacement component corresponding to the out of plane  deformation. The 
trivial solution of Eq. (3) is given by 𝜕𝜕𝜕𝜕 = 𝜃𝜃𝜃𝜃 = tan−1(𝑦𝑦𝑦𝑦 ⁄ 𝑥𝑥𝑥𝑥). Here we refer to the displacement of a screw 
dislocation located at the point (𝑎𝑎𝑎𝑎, 0) of an infinite plane, that is,𝜕𝜕𝜕𝜕(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = −(𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟 2𝜋𝜋𝜋𝜋⁄ ) tan−1(𝑦𝑦𝑦𝑦 (𝑥𝑥𝑥𝑥 − 𝑎𝑎𝑎𝑎)⁄ ) =
𝜕𝜕𝜕𝜕𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟
+ 1
𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕𝜏𝜏𝜏𝜏𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕𝜃𝜃𝜃𝜃
+ 𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝑟𝑟𝑟𝑟
= 0 (1)
2434 Hossein Teimoori et al. / Procedia Structural Integrity 2 (2016) 2432–2438
Hossein Teimoori , Reza Teymoori Faal / Structural Integrity Procedia 00 (2016) 000–000 3
−(𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟/2𝜋𝜋𝜋𝜋) tan−1(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃/(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃 − 𝑎𝑎𝑎𝑎) ), (Weertman and Weertman, 1966). This displacement satisfies the Eq. (3). 
The resultant stress components of this displacement lead to the first terms of the stress field of an isotropic elastic 
circular plane with a screw dislocation. The second terms contain the stress components of a dislocation of an 
infinite plane located at the point (𝑅𝑅𝑅𝑅2/𝑎𝑎𝑎𝑎, 0) in which this point is the image of the point (𝑎𝑎𝑎𝑎, 0) with respect to the 
circle  𝑟𝑟𝑟𝑟 = 𝑅𝑅𝑅𝑅. Therefore for 0 ≤  𝑟𝑟𝑟𝑟 ≤ 𝑅𝑅𝑅𝑅 we have  𝜕𝜕𝜕𝜕(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = (𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟 2𝜋𝜋𝜋𝜋⁄ )[tan−1(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃/(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃 − 𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )) − tan−1(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃/(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃 − 𝑎𝑎𝑎𝑎))]and consequently using Eqs. (2) we arrive at
𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = 𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝜇𝜇𝜇𝜇2𝜋𝜋𝜋𝜋 [ 𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃𝑎𝑎𝑎𝑎2 + 𝑟𝑟𝑟𝑟2 − 2𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃 − (𝑅𝑅𝑅𝑅2/𝑎𝑎𝑎𝑎)𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃(𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )2 + 𝑟𝑟𝑟𝑟2 − 2(𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃]  
𝜏𝜏𝜏𝜏𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = 𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝜇𝜇𝜇𝜇2𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟 [ 𝑎𝑎𝑎𝑎(𝑎𝑎𝑎𝑎 − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃)𝑎𝑎𝑎𝑎2 + 𝑟𝑟𝑟𝑟2 − 2𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃 − (𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )[(𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ ) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃](𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )2 + 𝑟𝑟𝑟𝑟2 − 2(𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃] (4)
Viewing the first equation of the Eqs. (4), it is easy to show that 𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑅𝑅𝑅𝑅,𝜃𝜃𝜃𝜃) = 0. In fact, Eqs. (4) are the stress 
components of a circular plane with radius 𝑅𝑅𝑅𝑅 weakened by a screw dislocation located at the point (𝑎𝑎𝑎𝑎, 0). The so-
called method of images has also been used previously ((Chen, 1991; Chen and Wang, 1986)) to find the stress 
components of a dislocation located at a domain. We derive the stress components in such a way that the paper to be 
self-content.
Fig. 1. Circular plane with typical curved crack
3. The circular plane with multiple cracks
Here, we want to examine how the dislocation solutions accomplished in Section 2 may be used to analyze the 
circular plane with multiple cracks. To this end, we need to distribute a set of dislocations with unknown densities in 
the inﬁnitesimal segments at the border of cracks. Let us consider a circular plane weakened by 𝑁𝑁𝑁𝑁 cracks. The anti-
plane traction on the surface of the i-th crack, Fig. 1, in terms of stress components in polar coordinates becomes
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−(𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟/2𝜋𝜋𝜋𝜋) tan−1(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃/(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃 − 𝑎𝑎𝑎𝑎) ), (Weertman and Weertman, 1966). This displacement satisfies the Eq. (3). 
The resultant stress components of this displacement lead to the first terms of the stress field of an isotropic elastic 
circular plane with a screw dislocation. The second terms contain the stress components of a dislocation of an 
infinite plane located at the point (𝑅𝑅𝑅𝑅2/𝑎𝑎𝑎𝑎, 0) in which this point is the image of the point (𝑎𝑎𝑎𝑎, 0) with respect to the 
circle  𝑟𝑟𝑟𝑟 = 𝑅𝑅𝑅𝑅. Therefore for 0 ≤  𝑟𝑟𝑟𝑟 ≤ 𝑅𝑅𝑅𝑅 we have  𝜕𝜕𝜕𝜕(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = (𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟 2𝜋𝜋𝜋𝜋⁄ )[tan−1(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃/(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃 − 𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )) − tan−1(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃/(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃 − 𝑎𝑎𝑎𝑎))]and consequently using Eqs. (2) we arrive at
𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = 𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝜇𝜇𝜇𝜇2𝜋𝜋𝜋𝜋 [ 𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃𝑎𝑎𝑎𝑎2 + 𝑟𝑟𝑟𝑟2 − 2𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃 − (𝑅𝑅𝑅𝑅2/𝑎𝑎𝑎𝑎)𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃(𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )2 + 𝑟𝑟𝑟𝑟2 − 2(𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃]  
𝜏𝜏𝜏𝜏𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = 𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝜇𝜇𝜇𝜇2𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟 [ 𝑎𝑎𝑎𝑎(𝑎𝑎𝑎𝑎 − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃)𝑎𝑎𝑎𝑎2 + 𝑟𝑟𝑟𝑟2 − 2𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃 − (𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )[(𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ ) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃](𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )2 + 𝑟𝑟𝑟𝑟2 − 2(𝑅𝑅𝑅𝑅2 𝑎𝑎𝑎𝑎⁄ )𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃] (4)
Viewing the first equation of the Eqs. (4), it is easy to show that 𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑅𝑅𝑅𝑅,𝜃𝜃𝜃𝜃) = 0. In fact, Eqs. (4) are the stress 
components of a circular plane with radius 𝑅𝑅𝑅𝑅 weakened by a screw dislocation located at the point (𝑎𝑎𝑎𝑎, 0). The so-
called method of images has also been used previously ((Chen, 1991; Chen and Wang, 1986)) to find the stress 
components of a dislocation located at a domain. We derive the stress components in such a way that the paper to be 
self-content.
Fig. 1. Circular plane with typical curved crack
3. The circular plane with multiple cracks
Here, we want to examine how the dislocation solutions accomplished in Section 2 may be used to analyze the 
circular plane with multiple cracks. To this end, we need to distribute a set of dislocations with unknown densities in 
the inﬁnitesimal segments at the border of cracks. Let us consider a circular plane weakened by 𝑁𝑁𝑁𝑁 cracks. The anti-
plane traction on the surface of the i-th crack, Fig. 1, in terms of stress components in polar coordinates becomes
𝜏𝜏𝜏𝜏𝑡𝑡𝑡𝑡𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 ,𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖) = 𝜏𝜏𝜏𝜏𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 ,𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖)𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙𝑖𝑖𝑖𝑖 + 𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 ,𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖)𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙𝑖𝑖𝑖𝑖
𝜏𝜏𝜏𝜏𝑛𝑛𝑛𝑛𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 ,𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖) = 𝜏𝜏𝜏𝜏𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 ,𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖)𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙𝑖𝑖𝑖𝑖 − 𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 ,𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖)𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙𝑖𝑖𝑖𝑖 (5)
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where 𝜙𝜙𝜙𝜙𝑖𝑖𝑖𝑖 is the angle between the tangent to the surface of the i-th defect and the radial direction 𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 . Suppose
dislocations with unknown density 𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧) are distributed on the 
inﬁnitesimal segment at the surface of the j-th crack. The traction on the surface of the  i-th crack generated by the 
presence of the former distribution of dislocations, via employing Eqs. (4) and (5), leads to
𝜏𝜏𝜏𝜏𝑛𝑛𝑛𝑛𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 ,𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖) = 𝜇𝜇𝜇𝜇2𝜋𝜋𝜋𝜋 𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧)�(𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧𝑑𝑑𝑑𝑑𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧)2{1𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 [ 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧 − 𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧))𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧2 + 𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖2 − 2𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧)
−
(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧� )[(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧� ) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧)](𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧⁄ )2 + 𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖2 − 2(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧⁄ )𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧)]𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙𝑖𝑖𝑖𝑖 − [ 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧 sin(𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧)𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧2 + 𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖2 − 2𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 cos(𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧)
−
(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧� ) sin(𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧)(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧⁄ )2 + 𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖2 − 2(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧⁄ )𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 cos(𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧)]𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜙𝜙𝜙𝜙𝑖𝑖𝑖𝑖};     0 ≤  𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 , 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧 ≤ 𝑅𝑅𝑅𝑅
(6)
Next, we use the principle of superposition to obtain traction on the surface of cracks through covering the 
boundary of cracks by dislocations. Eqs. (6) are integrated on the borders of cracks and the resulting tractions are 
superimposed. To facilitate the integration, we describe the cracks configuration in a parametric form. Namely, by 
considering the crack parametric form as a function of parameter −1 ≤  𝑟𝑟𝑟𝑟 ≤ 1 or −1 ≤  𝑡𝑡𝑡𝑡 ≤ 1, the traction on the 
surface of the i-th crack in the circular plane with 𝑁𝑁𝑁𝑁 cracks may be given by
𝜏𝜏𝜏𝜏𝑛𝑛𝑛𝑛𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖(𝑟𝑟𝑟𝑟),𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖(𝑟𝑟𝑟𝑟)) = �� 𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡     − 1 ≤  𝑟𝑟𝑟𝑟 ≤ 1, 𝑟𝑟𝑟𝑟 = 1,2, … ,𝑁𝑁𝑁𝑁1
−1
𝑁𝑁𝑁𝑁
𝑧𝑧𝑧𝑧=1
(7)
where 𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) is the dislocation density on the non-dimensional length of the surface of the j-th crack. The above 
kernel 𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) can be obtained in view of Eqs. (6) and (7). The left-hand side of Eq. (7) may be obtained using the 
Bueckner’s principle ((Hills et al., 2013)). After changing the sign, it is the traction caused by the self-equilibrating 
external loading on the outer boundary of the intact circular plane at the presumed surface of cracks. An example for 
this kind of loading is that when the traction 𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑅𝑅𝑅𝑅,𝜃𝜃𝜃𝜃) = 𝜏𝜏𝜏𝜏0𝛿𝛿𝛿𝛿(𝜃𝜃𝜃𝜃) is applied on the outer edge of the circular plane. 
Wherein, 𝛿𝛿𝛿𝛿(. ) is the Dirac delta function. The resulting stress components of this loading are (Faal and Alimardani, 
2015)  
𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝐸𝐸𝐸𝐸 (𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = −(𝜏𝜏𝜏𝜏0𝑅𝑅𝑅𝑅2𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟)𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟ℎ(𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅))/[𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟ℎ(𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅)) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃]
𝜏𝜏𝜏𝜏𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟
𝐸𝐸𝐸𝐸 (𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = −(𝜏𝜏𝜏𝜏0𝑅𝑅𝑅𝑅2𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟)𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃/[𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟ℎ(𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅)) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝜃𝜃𝜃𝜃] (8)
For the point force/traction with a magnitude of 𝜏𝜏𝜏𝜏0 located at 𝜃𝜃𝜃𝜃 = 𝜃𝜃𝜃𝜃0, we can simply replace 𝜃𝜃𝜃𝜃 in Eqs. (8) by 𝜃𝜃𝜃𝜃 −
𝜃𝜃𝜃𝜃0. The outer boundary of the circular plane is free, which it means that the external loading on the outer edge of 
plane and its ensuing couples should be self-equilibrium. Therefore we choose four identical point loads with a 
magnitude of 𝜏𝜏𝜏𝜏0on the locations 𝜃𝜃𝜃𝜃 = 𝜃𝜃𝜃𝜃0,𝜃𝜃𝜃𝜃 = 𝜋𝜋𝜋𝜋/2 + 𝜃𝜃𝜃𝜃0,𝜃𝜃𝜃𝜃 = 𝜋𝜋𝜋𝜋 + 𝜃𝜃𝜃𝜃0and 𝜃𝜃𝜃𝜃 = 3𝜋𝜋𝜋𝜋/2 + 𝜃𝜃𝜃𝜃0,  as shown in Fig. 1. The 
stress components (4) have Cauchy-type singularity in the vicinity of a dislocation point(𝑟𝑟𝑟𝑟 = 𝑎𝑎𝑎𝑎), therefore we may 
conclude that 𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖𝑧𝑧𝑧𝑧(𝑟𝑟𝑟𝑟, 𝑡𝑡𝑡𝑡) has also the Cauchy-type singularity for 𝑟𝑟𝑟𝑟 = 𝑗𝑗𝑗𝑗 as 𝑡𝑡𝑡𝑡 → 𝑟𝑟𝑟𝑟. For embedded cracks Eq. (7) should 
be complimented by the following closure condition ∫ [�(𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧′(𝑡𝑡𝑡𝑡))2 + (𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧′(𝑡𝑡𝑡𝑡))2]𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧1−1 (𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 = 0, 𝑗𝑗𝑗𝑗 ∈ {1, …𝑁𝑁𝑁𝑁}. The 
numerical solution (Faal and Alimardani, 2015) to Eqs (7) in conjunction with the closure condition yields the 
density of the dislocation on a crack surface. Also the stress intensity factors on the crack tips are obtained by the 
relation 𝑘𝑘𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝑖𝑖𝑖𝑖 = 12 𝜇𝜇𝜇𝜇√𝜋𝜋𝜋𝜋[�𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖′(∓1)�2 + �𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖(∓1)𝜃𝜃𝜃𝜃𝑖𝑖𝑖𝑖′(∓1)�2]14𝑔𝑔𝑔𝑔𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖(∓1), in which 𝑔𝑔𝑔𝑔𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) = 𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡)√1 − 𝑡𝑡𝑡𝑡2. The dislocation 
density is substituted into the following equations to determine stress components in the cracked circular plane
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𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = 𝜇𝜇𝜇𝜇2𝜋𝜋𝜋𝜋� 𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)1−1 �(𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧′(𝑡𝑡𝑡𝑡))2 + (𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧′(𝑡𝑡𝑡𝑡))2[ −𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) sin(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))[𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)]2 + 𝑟𝑟𝑟𝑟2 − 2𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)𝑟𝑟𝑟𝑟 cos(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))+ (𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)� ) sin(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)⁄ )2 + 𝑟𝑟𝑟𝑟2 − 2(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)⁄ )𝑟𝑟𝑟𝑟 cos(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))]𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝐸𝐸𝐸𝐸
𝜏𝜏𝜏𝜏𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = 𝜇𝜇𝜇𝜇2𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟� 𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)1−1 �(𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧′(𝑡𝑡𝑡𝑡))2 + (𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧′(𝑡𝑡𝑡𝑡))2[ 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)(𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)))[𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)]2 + 𝑟𝑟𝑟𝑟2 − 2𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))
−
(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧� (𝑡𝑡𝑡𝑡))[(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)� ) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))](𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)⁄ )2 + 𝑟𝑟𝑟𝑟2 − 2(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)⁄ )𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))]𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝜏𝜏𝜏𝜏𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟𝐸𝐸𝐸𝐸
(9)
where 𝜎𝜎𝜎𝜎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝐸𝐸𝐸𝐸 and 𝜎𝜎𝜎𝜎𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟𝐸𝐸𝐸𝐸 are the stress components caused by the self-equilibrating external traction in the intact circular 
plane. Under the assumption of small-scale yielding and invoking von Mises yield criterion, at the boundary of the 
plastic zone in anti-plane deformation, the following relationship holds0.75[𝜎𝜎𝜎𝜎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟2 (𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) + 𝜎𝜎𝜎𝜎𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟2 (𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃)] = 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦2 (10)
where 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦 is the shear yield stress of the material. Therefore, substitution of stress components (9) into Eq. (10)
specifies the boundary of the plastic zone. Under small-scale yielding, a simplified model for determination of the 
plastic zone on the crack line ahead of the crack tip was proposed by Irwin. He suggested a crack length longer than 
that of physical crack size as a result of the crack tip plasticity. The effective crack length is given by 𝑙𝑙𝑙𝑙 + 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝 in which 
𝑙𝑙𝑙𝑙 is the half physical crack length and  𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝 = �𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦⁄ �2/2𝜋𝜋𝜋𝜋, (Hellan, 1985). Also 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 is the Mode III stress intensity 
factor of the crack tip.
4. Numerical examples 
We now furnish the paper with two examples to demonstrate the suitability of the developed solution for circular 
planes. In all examples, we consider a steel circular plane with shear modulus 𝜇𝜇𝜇𝜇 = 80[𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝑎𝑎𝑎𝑎]. By calculating the 
Mode III stress intensity factors in each example, the plastic zone length 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝is also evaluated according to the Irwin's 
model. The loadings in the following examples are the four self-equilibrating point loads shown in Fig. 1.  
4.1. Example (1): A circular plane weakened by a crack normal to radial direction 
Assume a circular plane with radius 𝑅𝑅𝑅𝑅 weakened by a crack normal to radial direction (𝜃𝜃𝜃𝜃 = 0).  Center of the 
crack located at the point with coordinates (𝑟𝑟𝑟𝑟 = 0.5𝑅𝑅𝑅𝑅,𝜃𝜃𝜃𝜃 = 0) where the half crack length is 𝑙𝑙𝑙𝑙 = 0.4𝑅𝑅𝑅𝑅. The plastic 
region around the upper tip of the crack using Eq. (10) and also the stress field (9) for two values of 𝜏𝜏𝜏𝜏0 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦 =⁄ 0.4, 0.6
are depicted in Fig. 2. Finally the plastic zone lengths for 𝜏𝜏𝜏𝜏0 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦 =⁄ 0.4, 0.6 are 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝 = 0.0937 and 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝 = 0.2107
respectively.
4.2. Example (2): A circular plane weakened by two radial cracks located at the ray 𝜃𝜃𝜃𝜃 = 𝜋𝜋𝜋𝜋
4
As the second example, we considered two radial cracks located at the ray 𝜃𝜃𝜃𝜃 = 𝜋𝜋𝜋𝜋 4⁄ which the centers of them 
are located at distances 𝑑𝑑𝑑𝑑0 = 0.3𝑅𝑅𝑅𝑅 and 𝑑𝑑𝑑𝑑0 = 0.7𝑅𝑅𝑅𝑅 from the center of the circular plane. The plastic region around 
the two adjacent tips of the cracks is depicted for 𝜏𝜏𝜏𝜏0 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦 =⁄ 0.4 at Fig. 3. Finally the plastic zone length adjacent tips 
of the inner crack is 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝 = 0.0139.
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𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = 𝜇𝜇𝜇𝜇2𝜋𝜋𝜋𝜋� 𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)1−1 �(𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧′(𝑡𝑡𝑡𝑡))2 + (𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧′(𝑡𝑡𝑡𝑡))2[ −𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) sin(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))[𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)]2 + 𝑟𝑟𝑟𝑟2 − 2𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)𝑟𝑟𝑟𝑟 cos(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))+ (𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)� ) sin(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)⁄ )2 + 𝑟𝑟𝑟𝑟2 − 2(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)⁄ )𝑟𝑟𝑟𝑟 cos(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))]𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝐸𝐸𝐸𝐸
𝜏𝜏𝜏𝜏𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟(𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) = 𝜇𝜇𝜇𝜇2𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟� 𝑏𝑏𝑏𝑏𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)1−1 �(𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧′(𝑡𝑡𝑡𝑡))2 + (𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧′(𝑡𝑡𝑡𝑡))2[ 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)(𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)))[𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)]2 + 𝑟𝑟𝑟𝑟2 − 2𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))
−
(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧� (𝑡𝑡𝑡𝑡))[(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)� ) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))](𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)⁄ )2 + 𝑟𝑟𝑟𝑟2 − 2(𝑅𝑅𝑅𝑅2 𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)⁄ )𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜃𝜃𝜃𝜃 − 𝜃𝜃𝜃𝜃𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡))]𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 + 𝜏𝜏𝜏𝜏𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟𝐸𝐸𝐸𝐸
(9)
where 𝜎𝜎𝜎𝜎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝐸𝐸𝐸𝐸 and 𝜎𝜎𝜎𝜎𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟𝐸𝐸𝐸𝐸 are the stress components caused by the self-equilibrating external traction in the intact circular 
plane. Under the assumption of small-scale yielding and invoking von Mises yield criterion, at the boundary of the 
plastic zone in anti-plane deformation, the following relationship holds0.75[𝜎𝜎𝜎𝜎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟2 (𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃) + 𝜎𝜎𝜎𝜎𝜃𝜃𝜃𝜃𝑟𝑟𝑟𝑟2 (𝑟𝑟𝑟𝑟,𝜃𝜃𝜃𝜃)] = 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦2 (10)
where 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦 is the shear yield stress of the material. Therefore, substitution of stress components (9) into Eq. (10)
specifies the boundary of the plastic zone. Under small-scale yielding, a simplified model for determination of the 
plastic zone on the crack line ahead of the crack tip was proposed by Irwin. He suggested a crack length longer than 
that of physical crack size as a result of the crack tip plasticity. The effective crack length is given by 𝑙𝑙𝑙𝑙 + 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝 in which 
𝑙𝑙𝑙𝑙 is the half physical crack length and  𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝 = �𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦⁄ �2/2𝜋𝜋𝜋𝜋, (Hellan, 1985). Also 𝐾𝐾𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 is the Mode III stress intensity 
factor of the crack tip.
4. Numerical examples 
We now furnish the paper with two examples to demonstrate the suitability of the developed solution for circular 
planes. In all examples, we consider a steel circular plane with shear modulus 𝜇𝜇𝜇𝜇 = 80[𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝑎𝑎𝑎𝑎]. By calculating the 
Mode III stress intensity factors in each example, the plastic zone length 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝is also evaluated according to the Irwin's 
model. The loadings in the following examples are the four self-equilibrating point loads shown in Fig. 1.  
4.1. Example (1): A circular plane weakened by a crack normal to radial direction 
Assume a circular plane with radius 𝑅𝑅𝑅𝑅 weakened by a crack normal to radial direction (𝜃𝜃𝜃𝜃 = 0).  Center of the 
crack located at the point with coordinates (𝑟𝑟𝑟𝑟 = 0.5𝑅𝑅𝑅𝑅,𝜃𝜃𝜃𝜃 = 0) where the half crack length is 𝑙𝑙𝑙𝑙 = 0.4𝑅𝑅𝑅𝑅. The plastic 
region around the upper tip of the crack using Eq. (10) and also the stress field (9) for two values of 𝜏𝜏𝜏𝜏0 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦 =⁄ 0.4, 0.6
are depicted in Fig. 2. Finally the plastic zone lengths for 𝜏𝜏𝜏𝜏0 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦 =⁄ 0.4, 0.6 are 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝 = 0.0937 and 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝 = 0.2107
respectively.
4.2. Example (2): A circular plane weakened by two radial cracks located at the ray 𝜃𝜃𝜃𝜃 = 𝜋𝜋𝜋𝜋
4
As the second example, we considered two radial cracks located at the ray 𝜃𝜃𝜃𝜃 = 𝜋𝜋𝜋𝜋 4⁄ which the centers of them 
are located at distances 𝑑𝑑𝑑𝑑0 = 0.3𝑅𝑅𝑅𝑅 and 𝑑𝑑𝑑𝑑0 = 0.7𝑅𝑅𝑅𝑅 from the center of the circular plane. The plastic region around 
the two adjacent tips of the cracks is depicted for 𝜏𝜏𝜏𝜏0 𝜏𝜏𝜏𝜏𝑦𝑦𝑦𝑦 =⁄ 0.4 at Fig. 3. Finally the plastic zone length adjacent tips 
of the inner crack is 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝 = 0.0139.
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Fig. 2. Plastic region around the upper tip of a vertical crack.
Fig. 3. Plastic region around the adjacent tips of two interacting cracks
4. Conclusions 
By use of the solution of the screw dislocation in a circular plane, integral equations are derived in a circular 
domain containing multiple cracks. These equations are solved numerically to determine dislocation density on the 
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borders of cracks. The solution is employed to determine stress components in the cracked domain under the anti-
plane deformation. The plastic region around the tips of a crack is specified using von Mises yield criterion. The 
analysis allows consideration of both singular and non-singular terms of stress fields. We observed that the 
interaction between cracks has crucial effect on the shape and size of the plastic region. Also for interacting cracks, 
using von Mises yield criterion is a better way to specify the plastic zone size in comparison with the simple Irwin's 
model.
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